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|. Formulation — Assumption — Proof — Practice

1. The Art of Channel Coding
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How to achieve channel capacity (¢)?

Channel
Encoder

Channel
(capa. C)

Channel
Decoder
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. Formulation

M(m*) X(z™) Y (y" M (1 ¥
Channel (") Channel (v") Channel (m )

Encoder (capa. C) Decoder

(y" = z" + e")
Channel Coding: Adding redundancy into message can correct errors introduced by the channel
dim(M) < dim(X)

rate = dim (M) E T
dim (X) n
oRO20

"y = ="} U {g"+e"}

ON
)0 @ O {n - dim vector space} = ({legal subspace} U {illegal subspace}
S
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. Formulation

Shannon’s Channel Coding Theorem P, = P(M* # mk|ym)

Proof Pivot:
Jointly Typical Sequences (JTS)

/ T

Achievability: If »r < C, P. — 0.

M (m*) X (z™) Y(y") M (1 k)
Channel Channel Channel
Encoder (capa. C) Decoder
Converse: If P. - 0, r < C. Proof Pivot:

Fano’s Inequality
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.  Formulation - Assumption

m" (W) [ channel | 2" (w) y" [ channel | m"* (@) /z" (w)
— Encoder | | Channel |——| Decoder | ——»
(f) (f
Assumption (i): (binary) random code (codebook) Codebook (C)
m"* (1) — > | 2z (1) | 2 (1) z, (1) T z" (1)
mk (2)__ > N (2)
z"(w) = f(m*(w))
m* (27)— - —z"(2")

Encoding function f generates codebook C, s.t.

2" n

pP(C) = []][PG@w))

w=1 =1



Channel Coding Theorem | feriiaes

ANNIVERSARY

I.  Formulation - Assumptions

k n n ~ n{
m" (w) Channel | z" (w) ¥" | channel | m" (w) /x" (w)
— Encoder —| Channel | | Decoder | »
(f) (f )

Assumption (ii): Both sides know the channel

Assumption (iii): m”* (w) (z™ (w)) are uniformly chosen for transmission

Pla" () = P(m"(w)) = o

Assumption (iv): The channel is discrete memoryless

P(y'le" ) = [ [Pz w))
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.  Assumptions - Proof

Achievability: If r < C, P, — 0.

n k ( n {
Y Channel | 7 <w)/x (w) y" & z"(w) are a pair of JTS
———| Decoder [
(f

JTS: Given € —0, y” and z"(w) are JTS if

- Llog, P(" (@) -~ H(X)| < ¢

1
|- loga P(y") - H(Y)| < ¢

T R
I—glogaP(w”(w), y") - HX,)Y)| < e
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.  Assumptions - Proof

Achievability: If r < C, P, — 0.

m* (w) Channel | " (w) ¥" | Channel mk(&J)/xn(ﬁD
——» Encoder |—| Channel || Decoder |
(f) (f )

JTS property @: If z” (w) and y" are drawn i.i.d, S.t.
P(z"(w), y*) = HP(Q?Z (w), y,), |ensured by Assumptions (i) (iv)
i=1

When n— 00, P(z"(w) and y" are JTS) = 1 — ¢,

JTS property @: If 2™ (w) and y" are independent, i.e.,

P(a"(w), y") = P(a"(w)) - P(y"),
P(z"(w) and y" are JTS) < 2"U&¥ =39
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.  Assumptions - Proof

Achievability: If r < C, P, — 0.
P, = » P(C)P.(C)
C

= 572 P(©) - Y Pu(©)

code construction symmetry | = Z P(C)-P,,(C)
C

— Pe,l

P,(C) - Error probability of code C
P, ,,(C) — Error probability of codeword x"(w)
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I.  Assumptions - Proof
Achievability: If r < C, P, — 0.

E, z"(w) and y™ are JTS.
P., =P(EfUE,U--UE,.)

-
< e + Z o-n(1(X;v)—39 | Properties D@ of JTS
w=2

— € _|_ (2nr_1) _2—n(I(X;Y)—3e)
< € + Z—n(I(X;Y)—r—Be)

IF input distribution is ideal, s.t. 7 (X;Y) = C | Assumption (i)
IFr<C&n — oo
P, =P, =2¢
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I.  Proof - Application

Disparity between Assumptions and Practice.

Turbo codes

large codeword length n

random coding LDPC codes

Polar codes

ideal input distribution
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.  Assumptions - Proof

Converse: If P, — 0, r < C.

I(m*(w); y") = H(m"(w)) - H(m"(w)ly")
H(m*(w)) = log,2™ = nr Assumption (iii)

I(m"*(w); y")

I(z"(w); y™) Data Processing Inequality

<

< n-C Assumptions (i) (iv)
H(m*(w)|y™) = H(c"(w)ly")

< H(P.) + P.log,(2"—1) Fano’s Inequality
<

1
nr <14+ P,-nr +nC ,orr <C+ E+Pe-r

IFP,-0&n —» o
r <C
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1.  The Art of Channel Coding

m* (w) Channel | =" (w) " [Channel| ™" (W)
——» Encoder —| Channel || Decoder |
(f) (f )

Random coding is Good for proof, but Bad for Practice
f: mF(w) — z"(w)

floy™ = mb(w)/z" ()

The art of channel coding arises as we refrain f from randomness
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1.  The Art of Channel Coding

In light of linear block codes,

(1)
z"(2)

a basis of £ linearly independent codewords

o ().
z"(w) = m"(w) - G.
C = {m*(w) - G, Vw)

If G is a semi-definite and tridiagonal matrix, the code becomes a convolutional code
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1.  The Art of Channel Coding

For an (n, k) block code (C), dyum (C) = min{dymm (z" (w), z"(w'))}

TAVAT
<

it (C)J

The number of correctable errors: > T — L 5

Singleton bound: dy,,(C) <n —k+1
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1.  The Art of Channel Coding

(n, 1, n) Repetition code Gg= ({1, 1, ---, 1)
Majority voting realizes maximum likelihood (ML) decoding
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1.  The Art of Channel Coding

Symmetric Code for Poetry

(FHKIEA) -G = (FHEA AEK)
(EFELA) -G = (BEUA ALEE)

1 00000O01
G:01000010
001001O00O0
0001100 0
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1.  The Art of Channel Coding

(n, k) block code L. (n, n —k) block code

©) © .
(dual codes) O @QQ '
©.00.9%
o ONC2cIo/e
o) 0.0%009 ©
. A 0)) (a basis of (n — k) linearl -
foo G = : indep(;ndentdual codcleword{,) = © @QQ
|z (n—k)

zi'(w) = m" "(w) -G, z"(w) - (2 (w))" = 0

C, = {m" " (w) G, ,6Vw}
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1.  The Art of Channel Coding

(n, k) block code 1L (n, n—k) block code

(dual codes) C and C, are orthogonal

s

The art in f' is tantamount to that in f
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The Art of Channel Coding

Artin f Artinf-1
Polar RS
LDPC | BCH
Turbo | RM
Concatenz;lted Hamming
AG

Convolutional

1924-202
X Bt g
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